On New Generalizations of Hilbert's Inequality  by Bicheng, Yang
Ž .Journal of Mathematical Analysis and Applications 248, 29]40 2000
doi:10.1006rjmaa.2000.6860, available online at http:rrwww.idealibrary.com on
On New Generalizations of Hilbert’s Inequality
Yang Bicheng
Department of Mathematics, Guangdong Education College, Guangzhou,
Guangdong 510303, People’s Republic of China
E-mail: bcyang@163.net
Submitted by L. Debnath
Received February 25, 2000
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1. INTRODUCTION
‘ 2Ž .If f and g are real functions, such that 0 - H f t dt - ‘ and 0 -0
‘ 2Ž .H g t dt - ‘, then0
1r2
‘ ‘ ‘ ‘f x g yŽ . Ž .
2 2dx dy - p f t dt g t dt , 1.1Ž . Ž . Ž .H H H Hž /x q y0 0 0 0
where the constant factor p is best possible. Its associated double series
 4  4form is as follows: If a and b are sequences of real numbers such thatn n
0 - Ý‘ a2 - ‘ and 0 - Ý‘ b2 - ‘, thenns1 n ns1 n
1r2‘ ‘ ‘ ‘a bm n 2 2- p a b , 1.2Ž .Ý Ý Ý Ýn nž /m q nns1 ms1 ns1 ns1
Ž .where the constant factor p is still best possible. Hilbert’s inequalities 1.1
Ž . Ž wand 1.2 are important in our analysis and its applications cf. 1, Chap.
x. w x w x9 . In recent years, Hu 2 and Gao 3 gave two distinct improvements of
Ž . w x Ž .1.1 , and Gao 4 gave 1.2 a strengthened version. By introducing a
29
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Ž x w xparameter l g 0, 1 and estimating the weight function, Yang 5 gave
Ž .1.1 a generalization as
1r2
‘ ‘ ‘ ‘f x g y l lŽ . Ž .
1yl 2 1yl 2dx dy - B , t f t dt t g t dt ,Ž . Ž .H H H Hl ž /ž /2 20 0 0 0x q yŽ .
1.3Ž .
Ž . w xwhere B p, q is the b function. But 5 hasn’t proved that the constant
l lŽ . Ž . Ž .factor B , 0 - l F 1 in 1.3 is best possible. In this paper, we2 2
Ž .continue this work and make some generalizations of 1.3 by introducing
three parameters, A, B, and l. We also give the associated generalizations
Ž .of 1.2 .
2. SOME NEW RESULTS ON HILBERT’S
INTEGRAL INEQUALITY
Ž .First, we define the weight function v x asl, A, B
1ylr2
‘ 1 x
v x s dy , x g 0, ‘ A , B , l ) 0 .Ž . Ž . Ž .Hl, A , B l ž /y0 Ax q ByŽ .
2.1Ž .
Ž . Ž . Ž .Setting u s By r Ax in 2.1 , we have
1yl 1ylr2
‘ Ax BŽ .
v x s duŽ . Hl, A , B l ž /Au0 B 1 q uŽ .
‘1 1
1yl y1ql r2s x u du. 2.2Ž .Hlr2 l
0AB 1 q uŽ . Ž .




B p , q s dt p , q ) 0 , 2.3Ž . Ž . Ž .H pqq
1 q tŽ .0
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Ž .by 2.2 we have
1 l l
1ylv x s B , x , x g 0, ‘ A , B , l ) 0 .Ž . Ž . Ž .l, A , B lr2 ž /2 2ABŽ .
2.4Ž .
LEMMA 2.1. If A G B ) 0, l ) 0, and 0 - « - lr2, we ha¤e
‘ 1Ž .Br Axy1y« Žly2y« .r2 qx u du dx s O 1 « “ 0 .Ž . Ž .H H l
1 0 1 q uŽ .
2.5Ž .
Ž .Proof. Since A G B ) 0, for x G 1, we have 0 - Br Ax F 1, and
lr41 4 BŽ . Ž .Br Ax Br AxŽly2y« .r2 Žly2ylr2.r2u du - u du s .H Hl ž /l Ax0 01 q uŽ .
Then we find that
‘ 1Ž .Br Axy1y« Žly2y« .r20 - x u du dxH H l
1 0 1 q uŽ .
lr4 2 lr4
‘4 B 4 B
y1yl r4- x dx s .Hž / ž / ž /l A l A1
Ž .Hence 2.5 is valid. The lemma is proved.
THEOREM 2.1. Let f and g be real functions, l ) 0, such that 0 -
‘ 1yl 2Ž . ‘ 1yl 2Ž .H t f t dt - ‘ and 0 - H t g t dt - ‘. If A, B ) 0, we ha¤e0 0
‘ ‘ f x g yŽ . Ž .
dx dyH H l
0 0 Ax q ByŽ .
1r2
‘ ‘1 l l
1yl 2 1yl 2- B , t f t dt t g t dt ; 2.6Ž . Ž . Ž .H Hlr2 ž /ž /2 2 0 0ABŽ .
2 2
‘ ‘ ‘f x 1 l lŽ .
ly1 1yl 2y dx dy - B , t f t dt.Ž .H H Hl l ž /2 20 0 0Ax q By ABŽ . Ž .
2.7Ž .
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Ž . Ž . ŽInequalities 2.6 and 2.7 are equi¤alent. Both the constant factor 1r
l l l llr2 l 2Ž . . Ž . Ž . Ž Ž . .? Ž .@AB B , in 2.6 and the constant factor 1r AB B , in2 2 2 2
Ž .2.7 are best possible.
In particular,
Ž .i for l s 1, if A, B ) 0, we ha¤e
1r2
‘ ‘ ‘ ‘f x g y pŽ . Ž .
2 2dx dy - f t dt g t dt , 2.8Ž . Ž . Ž .H H H H1r2 ž /Ax q ByŽ .0 0 0 0ABŽ .
2 2
‘ ‘ ‘f x pŽ .
2dx dy - f t dt ; 2.9Ž . Ž .H H HAx q By ABŽ . Ž .0 0 0
Ž .ii for l s 2, if A, B ) 0, we ha¤e
1r2
‘ ‘ ‘ ‘f x g y 1 1 1Ž . Ž .
2 2dx dy - f t dt g t dt ,Ž . Ž .H H H H2 ž /AB t tŽ .0 0 0 0Ax q ByŽ .
2.10Ž .
2
‘ ‘ ‘f x 1 1Ž .
2y dx dy - f t dt ; 2.11Ž . Ž .H H H2 2 t0 0 0Ax q By ABŽ . Ž .
Ž . Ž .iii for l ) 0, if A ) 0 B s 1rA , we ha¤e
‘ ‘ f x g yŽ . Ž .
dx dyH H ly10 0 Ax q A yŽ .
1r2
‘ ‘l l
1yl 2 1yl 2- B , t f t dt t g t dt , 2.12Ž . Ž . Ž .H Hž /ž /2 2 0 0
2 2
‘ ‘ ‘f x l lŽ .
ly1 1yl 2y dx dy - B , t f t dt ,Ž .H H Hl ž /y1 2 20 0 0Ax q A yŽ .
2.13Ž .
Ž . Ž .where the constant factors in 2.8 ] 2.13 are still best possible.
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Proof. By Cauchy’s inequality, we have
Ž .1ylr2 r2 Ž .1ylr2 r2‘ ‘ f x x g y yŽ . Ž .
dx dyH H lr2 lr2 ž /ž /y x0 0 Ax q By Ax q ByŽ . Ž .
2 1ylr2
‘ ‘ f x xŽ .
F dx dyH H l ž /½ y0 0 Ax q ByŽ .
1r22 1ylr2‘ ‘ g y yŽ .
= dx dy . 2.14Ž .H H lr2 ž / 5x0 0 Ax q ByŽ .
Ž .If 2.14 takes the form of the equality, then there exist constants c and d
Ž w x.such that cf. 7, p. 29
2 1ylr2 2 1ylr2f x x g y yŽ . Ž .
c s d
l l ž /ž /y xAx q By Ax q ByŽ . Ž .
a.e. in 0, ‘ = 0, ‘ .Ž . Ž .
2Ž . 2yl 2Ž . 2yl Ž . Ž .Then we have cf x x s dg y y a.e. in 0, ‘ = 0, ‘ . Hence we
have
cf 2 x x 2yl s dg 2 y y2yl s constant a.e. in 0, ‘ = 0, ‘ ,Ž . Ž . Ž . Ž .
‘ 1yl 2Ž .which contradicts the facts that 0 - H t f t dt - ‘ and 0 -0
‘ 1yl 2Ž . Ž .H t g t dt - ‘. Hence 2.14 takes the form of strict inequality. By0
Ž .2.1 , we have
‘ ‘ f x g yŽ . Ž .
dx dyH H l
0 0 Ax q ByŽ .
1r2
‘ ‘
2 2- v x f x dx v y g y dy . 2.15Ž . Ž . Ž . Ž . Ž .H Hl, A , B l , B , A½ 5
0 0
Ž . Ž .In view of 2.4 , we have 2.6 .
‘ 1yl 2Ž .Since H t f t dt ) 0, then there exists a constant T ) 0 such that0 0
<< Ž .f xT 1yl 2 ly1 TŽ . Ž .for any T ) T , H t f t dt ) 0. Setting g y, T s y H dx,l0 0 0 Ax q ByŽ .
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Ž xŽ . Ž .y g 0, T T ) T , by 2.6 , we have0
222 f xŽ .T T T1yl 2 ly10 - y g y , T dy s y dx dyŽ .H H H l½ 50 0 0 Ax q ByŽ .
2
f x g y , TŽ . Ž .T T
s dx dyH H l
0 0 Ax q ByŽ .
21 l l T T1yl 2 1yl 2- B , x f x dt y g y , T dy. 2.16Ž . Ž . Ž .H Hl ž /2 2 0 0ABŽ .
Thus we find
2
f xŽ .T T
ly1y dx dyH H l
0 0 Ax q ByŽ .
T 1yl 2F y g y , T dyŽ .H
0
2
f xŽ .T T
ly1s y dx dyH H l
0 0 Ax q ByŽ .
21 l l T 1yl 2- B , x f x dx. 2.17Ž . Ž .Hl ž /2 2 0ABŽ .
‘ 1y l 2 Ž . Ž .Since 0 - H t f t dt - ‘, by 2.17 , it follows that 0 -0
‘ 1yl 2Ž . Ž . Ž .H y g y, ‘ dy - ‘. Hence by 2.6 , when T “ ‘, neither 2.16 nor0
Ž . Ž .2.17 takes equality. We have 2.7 .
Ž .On the other hand, if 2.7 is valid, by Cauchy’s inequality we have
‘ ‘ f x g yŽ . Ž .
dx dyH H l
0 0 Ax q ByŽ .
‘ ‘ f xŽ .
Žly1.r2 Ž1yl.r2s y dx y g y dyŽ .H H l
0 0 Ax q ByŽ .
1r22
‘ ‘ ‘f xŽ .
ly1 1yl 2F y dx dy y g y dy . 2.18Ž . Ž .H H Hl½ 50 0 0Ax q ByŽ .
Ž . Ž . Ž . Ž .Whence by 2.7 we have 2.6 . It follows that 2.6 and 2.7 are equivalent.
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1 Žly2y« .r2Ž . Ž . w . Ž .For 0 - « - , setting f t as f t s t , for t g 1, ‘ ; f t s« « «2
1‘ 1yl 2Ž . Ž .0, for t g 0, 1 , we find H t f t dt s . If there exists A, B, and0 « «
l llr2Ž Ž . . Ž . Ž .l ) 0 such that the constant factor 1r AB B , in 2.6 is not best2 2
possible, without loss of generality suppose that A G B; then there exists a
l llr2Ž Ž . . Ž . Ž .positive number K - 1r AB B , such that 2.6 is valid by chang-2 2
l llr2Ž Ž . . Ž .ing 1r AB B , to K. Particularly, we have2 2
‘ ‘ ‘f x f yŽ . Ž .« « 1yl 2dx dy - K t f t dt s Kr« . 2.19Ž . Ž .H H H «l
0 0 0Ax q ByŽ .
Since
‘ 1 l l
Žly2y« .r2 qu du s B , q o 1 « “ 0 ,Ž . Ž .H l ž /2 20 1 q uŽ .
Ž . Ž . Ž .setting u s By r Ax , by 2.5 , we find
‘ ‘ f x f yŽ . Ž .« «
dx dyH H l
0 0 Ax q ByŽ .
Žly2y« .r2
‘ ‘ y
Žly2y« .r2s x dy dxH H l
1 1 Ax q ByŽ .
‘ ‘1 1
y1y« Žly2y« .r2s x u du dxH Hlr2 lŽ .1 Br AxAB 1 q uŽ . Ž .
‘ ‘1 1
y1y« Žly2y« .r2s x u du dxH Hlr2 l½ 1 0AB 1 q uŽ . Ž .
‘ 1Ž .Br Axy1y« Žly2y« .r2y x u du dxH H l 51 0 1 q uŽ .
1 1 l l
s B , q o 1 y O 1Ž . Ž .lr2 ½ 5ž /« 2 2ABŽ .
1 1 l l
s B , q o 1 . 2.20Ž . Ž .lr2 ž /« 2 2ABŽ .
l llr2Ž . wŽ Ž . . Ž . Ž .xSince for « ) 0 small enough we have 1r AB B , q o 1 ) K,2 2
Ž . ‘ ‘Ž Ž . Ž . Ž .l.by 2.20 , in this case we obtain H H f x f y r Ax q By dx dy ) Kr« ,0 0 « «
l llr2Ž . Ž Ž . . Ž .which contradicts 2.19 . Hence the constant factor 1r AB B , in2 2
Ž . Ž . Ž .2.6 is best possible. Since 2.6 and 2.7 are equivalent, we may conclude
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Ž . Ž .that the constant factor in 2.7 is still best possible; otherwise, using 2.18 ,
1 1Ž . Ž . Ž .we may get a contradiction. Since B , s p , and B 1, 1 s 1, by 2.62 2
Ž . Ž . Ž .and 2.7 we have 2.8 ] 2.11 . The theorem is proved.
Ž . Ž .Remark 1. For A s 1, l ) 0, inequality 2.12 changes to 1.3 and
Ž . Ž .2.13 changes to the equivalent form of 1.3 as
2 2
‘ ‘ ‘f x l lŽ .
ly1 1yl 2y dx dy - B , t f t dt. 2.21Ž . Ž .H H Hl ž /2 20 0 0x q yŽ .
Ž . Ž . Ž . Ž .Inequalities 2.12 and 2.6 are generalizations of 1.1 and 1.3 .
3. SOME NEW RESULTS ON THE ASSOCIATED
DOUBLE SERIES FORM
Ž .Define the weight coefficient ˆ m asl, A, B
‘ 1ylr21 m
ˆ m s m g N A , B , l ) 0 .Ž . Ž . Ž .Ýl, A , B l ž /nAm q BnŽ .ns1
3.1Ž .
lŽ x Ž .For l g 0, 2 , 1 y G 0, by 2.4 we have2
‘ 1ylr21 m
ˆ m sŽ . Ýl, A , B l ž /l nB AmrB q nŽ .ms1
1ylr2
‘ 1 m
- dyH l ž /l y0 B AmrB q yŽ .
1 l l
1yls v m s B , m m g N .Ž . Ž .l, A , B lr2 ž /2 2ABŽ .
3.2Ž .
 4  4THEOREM 3.1. Let 0 - l F 2 and a and b be sequences of realn n
numbers such that 0 - Ý‘ n1yla2 - ‘ and 0 - Ý‘ n1ylb2 - ‘. If A, Bns1 n ns1 n
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) 0, we ha¤e
1r2‘ ‘ ‘ ‘a b 1 l lm n 1yl 2 1yl 2- B , n a n b ,Ý Ý Ý Ýn nl lr2 ž / ž /2 2Am q Bn ABŽ . Ž .ns1 ms1 ns1 ns1
3.3Ž .
2 2‘ ‘ ‘a 1 l lmly1 1yl 2n - B , n a . 3.4Ž .Ý Ý Ý nl l ž /2 2Am q Bn ABŽ . Ž .ns1 ms1 ns1
Ž . Ž .The inequalities 3.3 and 3.4 are equi¤alent. Both the constant factor
l l l llr2 l 2Ž Ž . . Ž . Ž . Ž Ž . .w Ž .x1r AB B , in 3.3 and the constant factor 1r AB B , in2 2 2 2
Ž .3.4 are best possible.
In particular,
Ž .i for l s 1, if A, B ) 0, we ha¤e
1r2‘ ‘ ‘ ‘a b pm n 2 2- a b , 3.5Ž .Ý Ý Ý Ýn n1r2 ž /Am q BnŽ . ABŽ .ns1 ms1 ns1 ns1
2 2‘ ‘ ‘a pm 2- a ; 3.6Ž .Ý Ý Ý nAm q Bn ABŽ . Ž .ns1 ms1 ns1
Ž .ii for l s 2, if A, B ) 0, we ha¤e
1r2‘ ‘ ‘ ‘a b 1 1 1m n 2 2- a b , 3.7Ž .Ý Ý Ý Ýn n2 ž /AB n nŽ .Am q BnŽ .ns1 ms1 ns1 ns1
2‘ ‘ ‘a 1 1m 2n - a ; 3.8Ž .Ý Ý Ý n2 2 nAm q Bn ABŽ . Ž .ns1 ms1 ns1
Ž . Ž .iii for 0 - l F 2, if A ) 0 B s 1rA , we ha¤e
1r2‘ ‘ ‘ ‘a b l lm n 1yl 2 1yl 2- B , n a n b , 3.9Ž .Ý Ý Ý Ýn nl ž / ž /y1 2 2Am q A nŽ .ns1 ms1 ns1 ns1
2 2‘ ‘ ‘a l lmly1 1yl 2n - B , n a , 3.10Ž .Ý Ý Ý nl ž /y1 2 2Am q A nŽ .ns1 ms1 ns1
Ž . Ž .where the constant factors in 3.5 ] 3.10 are still best possible.
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Proof. By Cauchy’s inequality, we have
‘ ‘ a bm nÝ Ý lAm q BnŽ .ns1 ms1
Ž .‘ ‘ 1ylr2 r2a mms Ý Ý lr2 ž /nAm q BnŽ .ns1 ms1
Ž .1ylr2 r2b nn
=
lr2 ž /mAm q BnŽ .
2 Ž .‘ ‘ 1ylr2a mmF Ý Ý l ž /½ nAm q BnŽ .ms1 ms1
1r22 Ž .‘ ‘ 1ylr2b nn
= Ý Ý l ž / 5mAm q BnŽ .ns1 ms1
2 Ž .‘ ‘ 1ylr2a mms Ý Ý l ž /½ nBn q AmŽ .ms1 ns1
1r22 Ž .‘ ‘ 1ylr2b nn
= Ý Ý l ž / 5mAm q BnŽ .ns1 ms1
1r2‘ ‘
2 2s ˆ m a ˆ n b .Ž . Ž .Ý Ýl, B , A m l , A , B n½ 5
ms1 ns1
Ž . Ž . Ž .By 3.2 , we have 3.3 . By the argument used to derive 2.7 and the
Ž . Ž . Ž . Ž .equivalence of 2.6 and 2.7 we have 3.4 , and we can conclude that 3.3
Ž .and 3.4 are equivalent.
Žly2y« .r2 Ž .For 0 - « - lr2, setting a as a s n n g N , then we˜ ˜n n
obtain
‘ ‘‘1 1 1
1yl 2s dt - n a s˜Ý ÝH n1q« 1q«« t n1 ns1 ns1
‘ ‘1 1 1
s 1 q - 1 q dt s 1 qÝ H1q« 1q« «n t1ns2
and
‘ 1
1yl 2 qn a s q O 1 « “ 0 .Ž . Ž .˜Ý n «ns1
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If there exist A G B ) 0 and 0 - l F 2 such that the constant factor
l llr2Ž Ž . . Ž . Ž .1r AB B , in 3.3 is not best possible, then there exists a2 2
l llr2Ž Ž . . Ž . Ž .positive number K - 1r AB B , such that 3.3 is valid by chang-2 2
l llr2Ž Ž . . Ž .ing 1r AB B , to K. Particularly, we have2 2
‘ ‘ ‘a a 1˜ ˜m n 1yl 2- K n a s K q o 1Ž .˜Ý Ý Ý nl ž /«Am q BnŽ .ns1 ms1 ns1
1
s K q o 1 . 3.11Ž . Ž .Ž .
«
Ž .Since by 2.20 we have
Ž .ly2y« r2‘ ‘ ‘ ‘a a mnŽ .˜ ˜m n sÝ Ý Ý Ýl lAm q Bn Am q BnŽ . Ž .ns1 ms1 ns1 ms1
Žly2y« .r2
‘ ‘ y
Žly2y« .r2) x dy dxH H l
1 1 Ax q ByŽ .
1 1 l l
s B , q o 1 , 3.12Ž . Ž .lr2 ž /« 2 2ABŽ .
Ž . Ž . Ž .it is obvious that inequality 3.12 contradicts 3.11 , for « ) 0 small
l llr2Ž Ž . . Ž . Ž .enough. Hence the constant factor 1r AB B , in 3.3 is best2 2
Ž .possible. We may show that the constant factor in 3.4 is best possible by
Ž . Ž .the equivalence of 3.3 and 3.4 . The theorem is proved.
Ž . Ž .Remark 2. For A s 1, 0 - l F 2, inequalities 3.9 and 3.10 change
to the following two new equivalent inequalities with the best constant
factors:
1r2‘ ‘ ‘ ‘a b l lm n 1yl 2 1yl 2- B , n a n b ; 3.13Ž .Ý Ý Ý Ýn nl ž / ž /2 2m q nŽ .ns1 ms1 ns1 ns1
2 2‘ ‘ ‘a l lmly1 1yl 2n - B , n a . 3.14Ž .Ý Ý Ý nl ž /2 2m q nŽ .ns1 ms1 ns1
Ž . Ž . Ž . Ž .Inequalities 3.3 , 3.9 , and 3.13 are generalizations of 1.2 . Inequality
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Ž . Ž w x.3.13 is similar to the new inequality cf. 8
‘ ‘ a bm nÝ Ý lm q n q 1Ž .ns0 ms0
1r21yl 1yl‘ ‘l l 1 1
2 2- B , n q a n q bÝ Ýn nž / ž / ž /½ 52 2 2 2ns0 ns0
0 - l F 2 . 3.15Ž . Ž .
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